Abstract. We obtain a thorough description of the moduli spaces of homogeneous metrics with strongly positive curvature on the Wallach flag manifolds W 6 , W 12 and W 24 , which are respectively the manifolds of complete flags in C 3 , H 3 and Ca 3 . In view of our earlier work [4] , this completes the classification of simply-connected homogeneous spaces that admit a homogeneous metric with strongly positive curvature.
Introduction
The study of smooth manifolds with positive sectional curvature (sec > 0) is undisputedly one of the most challenging areas in Riemannian Geometry. Despite being a classical subject, surprisingly little is understood about such manifolds. If, on the one hand, there are very few known topological obstructions to sec > 0, on the other hand, there is also a dramatic scarcity of examples besides spheres and projective spaces (see [18] for a survey). A natural approach to deal with the latter issue is to search for examples with many symmetries [6] . Perhaps the most compelling motivations for this approach are the achievements of the classification of compact simply-connected homogeneous spaces with sec > 0, due to Wallach [16] in even dimensions, and Bérard-Bergery [2] in odd dimensions. In the process of this classification, Wallach [16] (1), and W 24 = F 4 /Spin (8) .
These are the manifolds of complete flags in C 3 , H 3 and Ca 3 respectively, and are the total spaces of homogeneous sphere bundles over the corresponding projective planes CP 2 , HP 2 and CaP 2 , see Section 3 for details. In this paper, we revisit the moduli spaces of positively curved homogeneous metrics on the Wallach flag manifolds (obtained by Valiev [14] ), under the light of strongly positive curvature. A Riemannian manifold (M, g) has strongly positive curvature if there exists ω ∈ Ω 4 (M ) such that the modified curvature operator (R + ω) : Λ 2 T M * → Λ 2 T M * is positive-definite. A systematic study of this condition was initiated by the authors in [4] , propelled by the discovery that it is preserved under Riemannian submersions and Cheeger deformations. Its origins are reminiscent of the work of Thorpe [12, 13] , and such notion was also used by authors including Püttmann [9] , and Grove, Verdiani and Ziller [7] , who coined the term. The interest in this curvature condition is largely due to it being intermediate between sec > 0 and positive-definiteness of the curvature operator. We recall Date: December 2, 2014. 2010 Mathematics Subject Classification. 53B20, 53C20, 53C21, 53C30, 53C35, 14M15. The first named author is partially supported by the NSF grant DMS-1209387, USA.
that, while many questions on manifolds with sec > 0 remain open, the only simplyconnected manifolds to admit positive-definite curvature operator are spheres [5] . Strongly positive curvature has the potential to improve the understanding of the gap between these classes.
Our main result is a precise description of the moduli spaces of homogeneous metrics with strongly positive curvature on the Wallach flag manifolds. For the sake of brevity, we state it in terms of the moduli spaces of homogeneous metrics with sec > 0, originally obtained by Valiev [14] , see also Püttmann [9, 10] ; however, we stress that our proof is independent of these previous results.
Theorem A. A homogenous metric on W 6 or W 12 has strongly positive curvature if and only if it has sec > 0. A homogenous metric on W 24 has strongly positive curvature if and only if it has sec > 0 and does not submerge onto CaP 2 .
The main motivation for the above result, besides its intrinsic interest, is that it completes the classification of closed simply-connected homogeneous spaces that admit a homogeneous metric with strongly positive curvature. Apart from W 24 , which was left undecided, we proved in our previous work [4, Thm. C] that the only closed simply-connected homogeneous space with sec > 0 that does not admit a homogeneous metric with strongly positive curvature is the Cayley plane CaP 2 . By verifying that W 24 admits homogeneous metrics with strongly positive curvature, Theorem A yields the following classification result:
Theorem B. All simply-connected homogeneous spaces with sec > 0 admit a homogeneous metric with strongly positive curvature, except for CaP 2 .
Despite not admitting a homogeneous metric with strongly positive curvature, CaP 2 may carry nonhomogeneous metrics with this property. It is worth stressing that it is not currently known if all Riemannian manifolds with sec > 0 admit a metric with strongly positive curvature, see [4, Sec. 6] . In fact, the only known obstructions to strongly positive curvature are the obstructions to sec > 0.
Let us give a brief outline of the strategy for the proof of Theorem A. The starting point is to explicitly compute the modified curvature operators (R + ω) :
• of homogeneous metrics on the Wallach flag manifolds W • . Up to averaging using the isometric group action, ω can be assumed invariant. Thus, R + ω is an equivariant symmetric linear operator, and hence, by Schur's Lemma, has a certain block diagonal canonical form based on the decomposition of Λ 2 T W • into irreducible factors. In particular, R + ω can be tested for positive-definiteness using its matrix on a suitable basis of representatives. The process to find ω such that R+ω is positive-definite employs a first-order argument consisting of two steps. The first step is to find ω 0 such that R + ω 0 is positive-semidefinite; and the second step is to find ω with positive-definite restriction to the kernel of R + ω 0 . In this case, ω = ω 0 +ε ω satisfies the desired property for any sufficiently small ε > 0. The only cases in which this process fails are those corresponding to normal homogeneous metrics, and the homogeneous metrics on W 24 that submerge onto CaP 2 . These do not have strongly positive curvature as a consequence of [4, Thm. A, C].
As a byproduct of the above proof method (specifically, the first step of finding ω 0 in the first-order argument), we obtain a complete description of the moduli spaces of homogeneous metrics with strongly nonnegative curvature on these manifolds: This result strongly motivates the question of which homogeneous spaces with sec ≥ 0 have strongly nonnegative curvature, which will be addressed in [3] . This paper is organized as follows. In Section 2, we briefly recall the definition of strongly positive curvature and provide background on this condition for homogeneous spaces. Section 3 contains information on the Wallach flag manifolds and their algebraic structure. Modified curvature operators of homogeneous metrics on these manifolds are computed in Section 4, in terms of complete lists of representative vectors. Finally, in Section 5, we determine the above moduli spaces (see Propositions 5.2, 5.5 and 5.7); which, in particular, prove Theorems A, B and C.
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Strongly positive curvature
In this section, we briefly discuss the notion of modified curvature operators, leading to the definition of strongly positive curvature; for details, see [4] . Furthermore, we recall the algebraic expression for curvature operators of homogeneous spaces, according to the formulation of Püttmann [9] .
2.1. Modified curvature operators. Let (M, g) be a Riemannian manifold, and use the inner products induced by g to identify each
The space Λ 4 T p M is identified with a subspace of Sym
The orthogonal projection onto this subspace is given by the Bianchi map, which hence determines an orthogonal decomposition Sym
, that project onto R under b, are called modified curvature operators, following Püttmann [9] . The crucial feature of modified curvature operators R+ω is that they induce the same sectional curvature function
as the original curvature operator, since ω vanishes when restricted to Gr 2 (T p M ).
) is positive-definite, then the sectional curvature of any plane in T p M is positive. This is sometimes referred to as Thorpe's trick.
The manifold (M, g) is said to have strongly positive curvature (respectively, strongly nonnegative curvature) if, for all p ∈ M , there exists a 4-form ω ∈ Λ 4 T p M such that the modified curvature operator (R + ω) : Λ 2 T p M → T p M is positivedefinite (respectively, positive-semidefinite). By the above, this condition is clearly intermediate between positive-definiteness (respectively, positive-semidefiniteness) of the curvature operator and sec > 0 (respectively, sec ≥ 0).
2.2.
Homogeneous spaces. Let G be a compact Lie group with bi-invariant metric Q, and H a closed subgroup. Denoting the corresponding Lie algebras by g and h, let m be the subspace such that g = h ⊕ m is a Q-orthogonal direct sum. Recall that the tangent space to the homogeneous space G/H at the identity class [e] ∈ G/H is identified with m, and the isotropy representation of H on T [e] (G/H) ∼ = m corresponds to the adjoint representation Ad : H → SO(m). In particular, G-invariant metrics on G/H are in 1-to-1 correspondence with Ad(H)-invariant inner products on m. Any such inner product ·, · is determined by the Q-symmetric H-equivariant automorphism P : m → m such that X, Y = Q(P X, Y ). A formula for the curvature operator of the corresponding G-invariant metric on G/H can be found in Püttmann [9, Lemma 3.6] , in terms of the bilinear forms B ± given by
By introducing the positive-semidefinite operator β ∈ Sym 2 (Λ 2 g), given by
where V m denotes the component in m of V ∈ g, and rearranging the above mentioned formula in terms of the Bianchi map, one obtains the following expression: 
Wallach flag manifolds
In this section, we recall the basic structure of the Wallach flag manifolds and their homogeneous metrics. Let K be one of the real normed division algebras: R of real numbers, C of complex numbers, H of quaternions, or Ca of Cayley numbers (or octonions). A complete flag F in K 3 is a sequence of linear subspaces
Compare with the normal homogeneous case discussed in [4, Ex. 2.5], in which P = Id, B + = 0
The curvature operator of (G/H, Q|m) is given by R G/H = R G +3α−3b(α), see [4, (2.9) ], where α = A * A is obtained from the A-tensor of the submersion (G, Q) → (G/H, Q|m). 
is a submersion, whose fiber π 
The isometry group G of each projective plane KP 2 above acts transitively on W 3 dim K . Furthermore, the induced subaction of the isotropy subgroup K of a Kline F 1 is transitive on the corresponding fiber π −1 (F 1 ). Altogether, each sphere bundle (3.1) with W 3 dim K as total space is a homogeneous bundle of the form
for a triple of compact Lie groups H ⊂ K ⊂ G, as described in the following table:
The inclusions H ⊂ K ⊂ G for the quaternionic flag W 12 are given by the obvious matrix block embeddings, and similarly for the real and complex flags W 3 and W 6 :
Regarding the octonionic flag W 24 , we describe the inclusions of Spin (8) into Spin(9) into F 4 following the exceptional survey of Baez [1] . The Lie group F 4 can be realized as the automorphism group of the exceptional Jordan algebra
of Hermitian 3×3 octonionic matrices. As described in [1, Sec. 3.4] , this algebra can also be constructed using the scalar, vector and spinor representations of Spin (9), which is hence a subgroup of F 4 (see also Harvey [8, Thm. 14.99]). The Lie algebra f 4 is the algebra of derivations of h 3 (Ca); in particular, f 4 contains a copy of the algebra g 2 of derivations of Ca, which is a subalgebra of so(7) ∼ = so(Im(Ca)). More precisely, there is a splitting 3.2. Homogeneous metrics. As the groups G are simple, by Schur's Lemma, they admit a unique bi-invariant metric Q, up to rescaling. We henceforth fix:
, where X 1 ∈ sa 3 (Ca) and X 2 ∈ g 2 ⊂ so(7) denote the components of X ∈ f 4 , according to (3.4) .
In all cases, the Ad(H)-representation m has 3 irreducible factors m = V 1 ⊕V 2 ⊕V 3 , each isomorphic to K as a real vector space. These irreducible factors can be parametrized by the skew-Hermitian matrices with zero diagonal entries
Consider the standard basis of K given by
From these, we construct a Q-orthonormal basis of
To denote denote the elements of this basis, we use the symbols
For example, in the case K = C, the space m = V 1 ⊕ V 2 ⊕ V 3 is spanned by:
Since V r , 1 ≤ r ≤ 3, are irreducible and nonisomorphic, Schur's Lemma implies that G-invariant metrics on G/H are parametrized by 3 positive numbers. We denote these by s = (s 1 , s 2 , s 3 ), so that the corresponding G-invariant metric is given by
Note that the Lie algebra of the intermediate subgroup K, according to the above conventions, is given by k = h ⊕ V 3 . As g s is Ad(K)-invariant if and only s 1 = s 2 , the homogeneous bundle (3.2) is a Riemannian submersion if and only if s 1 = s 2 . More generally, for each 1 ≤ r ≤ 3, there exists a copy of K in G whose Lie algebra is h ⊕ V r . Each such choice for K determines a bundle map (3.1), which is a Riemannian submersion onto the corresponding projective plane (with its standard Fubini metric) if and only if s r+1 = s r+2 , where indices are understood modulo 3.
Finally, for any fixed s, observe that the image of each natural inclusion
is the fixed point set of an isometry, and hence a totally geodesic submanifold.
Modified curvature operators
The goal of this section is to derive explicit formulas for the modified curvature operators R +ω of all homogeneous metrics g s on the Wallach flag manifolds, where ω is a general Ad(H)-invariant 4-form (see Remark 2.1).
Let us briefly outline an important computational simplification method that will be used throughout this section. Since (R + ω) : Λ 2 m → Λ 2 m is Ad(H)-equivariant, Schur's Lemma implies that it admits a block diagonal decomposition, with blocks corresponding to the isotypic components of Λ 2 m. Each isotypic component is the sum of n copies of an irreducible H-representation V of dimension d. Thus, in a suitable basis, R + ω restricted to this component is the tensor product of the d × d identity matrix with a certain n × n symmetric matrix A. In particular, the corresponding block of R+ω is positive-definite (respectively, positive-semidefinite) if and only A is positive-definite (respectively, positive-semidefinite).
In order to compute each of the symmetric matrices A, we choose a representative vector v 1 = 0 in one copy of V , and then produce additional representatives v 2 , v 3 , . . . in the remaining copies of V by taking images of v 1 under isomorphisms of representations. Proceeding in this way through all isotypic components, we obtain a complete list of representatives {v i }, such that the restriction of R+ω to the space of representatives span{v i } is positive-definite (respectively, positive-semidefinite) if and only if R + ω is positive-definite (respectively, positive-semidefinite). We denote by R W • ( s, ω) this restriction to the space of representatives of the curvature operator R of the flag manifold (W • , g s ) modified by the invariant 4-form ω.
Convention. In what follows, subindices are always taken modulo 3, and 
4.1.
Complex flag manifold W 6 . The isotropy group H is the maximal torus T 2 of G = SU(3), see (3.3) . A computation with weights shows that the Hrepresentation Λ 2 m decomposes as the sum of 3 copies of the trivial representation and single copies of 6 mutually nonisomorphic 2-dimensional representations. The following 9 representative vectors form a complete list, as described above:
Furthermore, the following determine a basis of the H-invariant elements of Λ 4 m:
and we denote a general invariant 4-form by:
The restriction R of the modified curvature operator R + ξ of the homogeneous manifold (W 6 , g s ) to the subspace of Λ 2 m spanned by the above representative vectors can be computed using (2.1), and results in the block diagonal matrix
where the blocks, listed in the same order as the representatives, are given by:
The isotropy group is H = Sp (1) 3 , see (3.3), and the H-representation Λ 2 m decomposes into a total of 9 isotypic components. More precisely, there are 2 copies each of 3 irreducible nonisomorphic representations of dimension 3, 3 distinct irreducible representations of dimension 12, and 3 distinct irreducible representations of dimension 4. The following 12 representative vectors form a complete list, as described above:
and we denote a general invariant 4-form by φ + ψ, where:
The restriction R of the modified curvature operator R+φ+ψ of the homogeneous manifold (W 12 , g s ) to the subspace of Λ 2 m spanned by the above representative vectors can be computed using (2.1), and results in the block diagonal matrix
where the blocks, listed in the same order as the representatives, are given by: 
The restriction R of the modified curvature operator R + ζ of the homogeneous manifold (W 24 , g s ) to the subspace of Λ 2 m spanned by the above representative vectors can be computed using (2.1), and results in the block diagonal matrix
Remark 4.1. Even though there are totally geodesic isometric embeddings (3.6) between the Wallach flag manifolds, the above R W • are not submatrices of one another, as the lists of representative vectors are not sublists of one another. 2 We also remark that some invariant 4-forms of each Wallach flag manifold can be seen as projections of invariant 4-forms of a larger Wallach flag manifold; namely ζ r projected to Λ 4 of the subspace tangent to W 12 equals φ r , and φ r projected to Λ 4 of the subspace tangent to W 6 equals ξ r .
Moduli spaces
In this section, we determine the moduli spaces of homogeneous metrics with strongly nonnegative and strongly positive curvature on the Wallach flag manifolds. This is based on a detailed analysis of the matrices R W • ( s, ω) that encode the action of modified curvature operators on a complete list of representatives, see Section 4.
We begin by recalling the moduli spaces of homogeneous metrics with sec ≥ 0 and sec > 0, in Proposition 5.2. We then assign to each s a 4-form ω 0 ( s) with the remarkable property that R + ω 0 is positive-semidefinite if and only if g s has strongly nonnegative curvature, see (5.2) . This is the key step in determining the moduli spaces of homogeneous metrics with strongly nonnegative curvature (Proposition 5.5), which proves Theorem C. Finally, we combine these results with a firstorder perturbation argument to determine the moduli spaces of homogeneous metrics with strongly positive curvature (Proposition 5.7), which proves Theorem A.
Convention. In what follows, we make frequent use of the polynomials
5.1. Sectional curvature. An important preliminary result to discuss sec ≥ 0 and sec > 0 among homogeneous metrics on the Wallach flag manifolds is to recall the moduli space of left-invariant metrics with these properties on SU (2) . Note that this corresponds to the case of the real flag manifold, as (W 3 , g s ) is locally isometric to SU(2) equipped with the left-invariant metric for which the canonical orthogonal Killing fields have lengths s 1 , s 2 , and s 3 , see (3.3) . This metric is known to have sec ≥ 0 (respectively, sec > 0) if and only if p r ( s) ≥ 0 (respectively p r ( s) > 0) for r = 1, 2, 3, see [15, Thm. B] , and Figure 1 for a graphical representation.
Remark 5.1. The curvature conditions on g s that we consider are scale-invariant on s, and permuting the elements of s = (s 1 , s 2 , s 3 ) results in isometric homogeneous metrics. In particular, the moduli space of homogeneous metrics g s satisfying a given curvature condition is to be understood up to these ambiguities, which can be removed by imposing gauge fixing conditions, for instance, s 1 ≤ s 2 ≤ s 3 and s 1 + s 2 + s 3 = 1. The latter normalization condition is used in Figure 1 , to facilitate the graphical representation. Note that the permutation invariance is evident in Figure 1 , where there are 6 isometric copies of the moduli space {g s : sec g s ≥ 0}. Figure 1 , where s 1 = s 2 = s 3 , corresponds to a multiple of the bi-invariant metric Q on G, see (3.5) . Thus, the induced metric on W
• is a normal homogeneous metric, which is well-known to have sec ≥ 0 but not sec > 0. Note also that the moduli space of homogeneous metrics with sec ≥ 0 on W
• is star-shaped around the normal homogeneous metric, cf. [11, Prop. (4.5) , (4.9) and (4.13) and Remark 5.6. In particular, ω 0 depends linearly on the curvature operator of g s . We now demonstrate that ω 0 is the "best" 4-form for the purpose of verifying whether g s has strongly nonnegative curvature; in particular, proving Theorem C.
Proposition 5.5. Let g s be a homogeneous metric on W 6 , W 12 , or W 24 , with curvature operator R, and let ω 0 be defined as above. The following are equivalent:
(1) g s has strongly nonnegative curvature, (2) g s has sec ≥ 0, (3) p r ( s) ≥ 0, for r = 1, 2, 3, (4) R + ω 0 is a positive-semidefinite operator.
Proof. The implications (1) ⇒ (2) and (4) ⇒ (1) are trivial (see Section 2), and the equivalence (2) ⇔ (3) follows from Proposition 5.2. We conclude by proving the crucial implication (3) ⇒ (4). By the totally geodesic embeddings (3.6), it suffices to prove (3) ⇒ (4) in the case of (W 24 , g s ), as modified curvature operators of (W 6 , g s ) and (W 12 , g s ) are restrictions of modified curvature operators of (W 24 , g s ). It is a direct verification that R Setting a r < 0, b r = b r+1 = 0 and b r+2 > −4a r , the above φ +ψ becomes positivedefinite on the subspace of representatives corresponding to ker R W 12 ( s, ω 0 ). Similarly to the previous case, the first-order perturbation R W 12 s, ω 0 + ε (φ + ψ ) is positive-definite for sufficiently small ε > 0. Thus, we conclude that (W 12 , g s ) has strongly positive curvature.
Finally, for the converse in the case of (W 24 , g s ), assume that p r ( s) > 0 and that the s r are pairwise distinct. Once more, the third block R hence at least one coefficient is negative. Setting the corresponding a r to be sufficiently negative and a r+1 , a r+2 < 0 small, the 4-form ζ becomes positive-definite on the subspace of representatives associated to ker R W 24 ( s, ω 0 ). Thus, the firstorder perturbation R W 24 ( s, ω 0 + ε ζ ) is positive-definite for sufficiently small ε > 0. Therefore, we conclude that (W 24 , g s ) has strongly positive curvature.
